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Abstract— This letter presents the computation of electromag-
netic (EM) forward scattering from and the full-wave inversion
(FWI) of 2-D inhomogeneous scatterers straddling multiple sub-
surface planar layers covered by 1-D locally rough surface. In the
forward scattering, the electric field integral equation (EFIE) is
formulated and the 2-D Green’s functions are evaluated by the
transmission-line analogy method and the buried object approach
(BOA) to account for both the reflection and transmission in
the multiple planar layer boundaries and the random scattering
from the locally rough surface. The computation accuracy of the
forward solver is verified by comparing the simulation results
with the finite element method (FEM) outcomes. Meanwhile,
the additional computational cost caused by the rough surface
is investigated in numerical experiments and also explained in
theory. It is shown that, for the numerical case in this letter,
the forward solver needs nearly 90 times computation time and
consumes nearly 30 times memory when the rough surface is
present compared with those when it is absent. Meanwhile,
In FWI, the variational Born iterative method (VBIM) is adopted
to reconstruct multiple scatterers straddling multiple subsurface
planar layers when the rough surface is present or absent.
Numerical experiments show that neglecting a rough surface with
the root mean square (rms) height of 0.1 m almost causes the
failure of the inversion.

Index Terms— Buried object approach (BOA), electromagnetic
(EM) scattering, inverse scattering, multilayered media, rough
surface.

I. INTRODUCTION

THE research of electromagnetic (EM) scattering and
inverse scattering has a long history. It started from the

analytical computation of plane wave scattering by a simple
sphere [1] and was later extended to numerical solutions
of more complicated configurations, e.g., irregular scatterers
with anisotropic parameters [2]. Typical applications include
microwave imaging [3] and geophysical exploration [4], etc.

One of the most commonly used methods to solve EM
scattering and inverse scattering problems is using integral
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equations (IEs). However, the original method of moment
(MoM) to solve the discretized IEs has an unaffordable com-
putational cost [5]. A large class of improved fast algorithms
is using the fast Fourier transform (FFT) to accelerate the
integration of the multiplication of the equivalent current
and Green’s functions. Representative methods include bicon-
jugate gradient FFT (BCG-FFT) [6], stabilized BCG-FFT
(BCGS-FFT) [7], etc. These forward scattering approaches
have been combined with full-wave inversion (FWI) methods
such as the variational Born iterative method (VBIM) to
reconstruct 2-D or 3-D scatterers placed inside a homogeneous
medium [8] or buried in planarly multilayered media [9]. The
successful applications of these forward or inverse scattering
computational methods highly depend on the availability of
Green’s functions, either by analytical methods [10] or numer-
ical ones [11], and their shift-invariance property.

In the regime of computational EMs, scattering by a rough
surface always must also be taken into account since it is
almost inevitable in practical near-subsurface detection. The
Sommerfeld integral method presented in [11] fails to compute
Green’s functions for a planarly layered medium covered by
a rough surface. In addition, the scatterers may be placed
across several subsurface planar layers instead of inside a
single one and thus the previous work [9] is not consistent
with the actual situation. Therefore, in this letter, we focus
our work on the EM scattering and inverse scattering from
2-D objects straddling multiple planar layers with a 1-D rough
surface. The buried object approach (BOA) proposed in pre-
vious works [12], [13] accounting for the EM scattering from
the rough surface when 2-D Green’s functions are evaluated
has been successfully applied to forward scattering [14] and
reconstruction [15] of 2-D scatterers buried under a rough
surface. Our work further extends these previous works and
has the following new contributions.

1) The subsurface structure is allowed to include any num-
ber of planar layers while only the half-space model or
a limited number of layers beneath the rough surface are
considered in the previous works. Our model is closer
to the real-world EM scattering scenarios.

2) The 2-D inhomogeneous scatterers can straddle multiple
subsurface planar layers in our work. However, they are
usually embedded inside one single layer in previous
works.

3) The forward scattering computational cost for the
scenarios with and without the rough surface is
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detailedly compared in both theories and numerical
results.

4) The permittivity and conductivity parameters of the 2-D
scatterers straddling multiple subsurface layers covered
by a rough surface are simultaneously reconstructed by
the VBIM.

The rest of this letter is organized as follows. In Section II,
related theories and methods are briefly introduced.
In Section III, the forward scattering computation results are
verified by comparing them to the finite element method
(FEM) simulations. Meanwhile, we reconstruct the 2-D
inhomogeneous profiles straddling several subsurface layers
by VBIM and confirm the rough surface effect on the
inversion results. Finally, in Section IV, the conclusion is
drawn.

II. METHODS

A. One-Dimensional Rough Surface Model
In this work, the 1-D rough surface having the horizontal

size L x is generated from the Gaussian spectrum [16]
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where Kx = 2πx/L x is the spatial frequency in the
x̂-direction and lx is the correlation length in the x̂-direction.
The parameter h represents the root mean square (rms) height
of the rough surface.

B. EM Forward Scattering Model
When multiple planar layers are covered by a 1-D rough

surface and the EM wave is in the transverse electric (TE)
mode, i.e., the electric field only has the ŷ component and is
perpendicular to the xz plane, the 2-D state equation still can
be formulated by the electric field IE (EFIE)
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while the data equation is expressed as
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where ρ ′
= x̂ x ′

+ ẑz′ denotes the source point, ρ = x̂ x +

ẑz denotes the field point, the background relative complex
permittivity ϵb is not a constant since the inversion domain
D straddles multiple layers, χ(ρ) = [ϵ(ρ) − ϵb(ρ)]/ϵb(ρ)

is the contrast of the scatterer, G i i
E J is the Green’s function

linking ρ ′ and ρ inside D, and Gri
E J links ρ ′ inside D and

ρ at the receiver array above the rough surface. E inc
y , E tot

y ,
and E sct

y represent the incident, total, and scattered electric
fields, respectively. Before solving for E tot

y from (2) using the
BCGS [7], we must compute the incident fields via
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where G i t
E J links the ρ inside D and ρ ′ at the transmitter array

which is also located above the rough surface. Once E tot
y is

obtained, we directly substitute it into the data equation (3)
and compute the scattered electric fields at the receiver array.

C. Computation of Green’s Functions
To account for EM scattering from the 1-D rough surface,

we evaluate the three Green’s functions G i t
E J , G i i

E J , and Gri
E J

in (2)–(4) using the BOA which has been adopted in [12],
[14], and [15] to deal with the half-space model with a rough
surface. The basic idea is to split a Green’s function into
two parts: the one contributed by the wave reflection and
transmission in purely multiple planar layers and the one
contributed by the EM scattering from the buried objects of
the rough surface embedded in two sides of the first fictitious
planar interface. Here, we take Gri

E J as an example and drop
the subscript for convenience of formula derivation. It is
written as
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where Gri
0 is contributed by the planarly multilayered medium

and can be evaluated using the transmission-line analogy
method [11]. However, Gri

s corresponds to the EM field
scattered from the rough surface and can be obtained by
building up another EFIE
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where Gbo,i
0 represents the incident field inside the buried

objects when the rough surface is absent while Gbo
t represents

the total field inside the buried objects when the rough surface
is present. And Gbo,bo

0 is the Green’s function in the planarly
multilayered medium linking the source point and the field
point inside the buried objects. In addition, one should note
that, in (6), ρ ′ is located inside the inversion domain D
while ρ ′′ is located inside the buried objects of the rough
surface and the subscript RS denotes the rough surface region.
χbo represents the dielectric contrast of the buried objects of
the rough surface with respect to the planarly multilayered
background medium. We now discretize the buried objects of
the rough surface into Nb square pixels and rewrite (6) in a
compact matrix form
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in which 1S is the area of the discretized square pixel and
m, n ∈ [1, Nb] are indexes of the pixels. We then solve for
Gbo

t from (7) using BCGS and substitute it into the following
data equation to compute Gri

s in (5)
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Fig. 1. Two-layer cylinder with the inner radius r1 = 0.1 m and the outer
radius r2 = 0.25 m straddling three planar background layers covered with a
locally rough surface. Their geometry parameters are annotated in the figure.

Fig. 2. Comparisons of the solved total electric fields inside the domain
enclosing the cylinder and the scattered fields at the receiver array and FEM
results when the rough surface is present or absent. (a) Real part of E tot

y .
(b) Imaginary part of E tot

y . (c) Real part of E sct
y . (d) Imaginary part of E sct

y .

where Gr,bo
0 is the planarly multilayered Green’s function

which links ρ ′′ inside the buried objects of the rough surface
and ρ at the receiver array.

D. EM FWI Model

Once the Green’s functions are ready, the inversion model
almost has no relationship with the rough surface. In this
work, we use VBIM with the structural consistency constraint
(SCC) to reconstruct 2-D inhomogeneous scatterers straddling
multiple planar layers covered by a 1-D rough surface. The
detailed implementation of VBIM with SCC for several 3-D
cases has been given in [9] and will not be repeated here.

III. NUMERICAL RESULTS

In this section, we verify the correctness of the forward
EM scattering solver for 2-D inhomogeneous scatterers placed
across multiple subsurface planar layers with a locally rough
surface by comparing the BCGS results with the FEM com-
putation via the commercial software COMSOL. Meanwhile,
the additional computation cost caused by the rough surface
is testified and explained. All the numerical simulations are

TABLE I
MEMORY COST (MB) AND COMPUTATION TIME (S) OF THE FORWARD

SOLVER FOR DIFFERENT VARIABLES OR IN DIFFERENT STAGES

Fig. 3. Configuration of the 2-D inversion model including an inhomogeneous
“T” shape scatterer and a homogeneous circular scatterer buried beneath the
1-D rough surface. The scatterers straddle the second and the third layers.
Their geometry sizes are annotated in the figure.

performed on a workstation with an 18-core Intel i9-10980XE
3.0 GHz CPU and 256 GB RAM. Finally, we assess the
inversion ability of the VBIM solver for multiple 2-D inhomo-
geneous scatterers straddling multiple planar layers beneath a
1-D rough surface, and also validate the necessity to include
the rough surface scattering effect in inversion.

A. Forward Validation
As shown in Fig. 1, the background medium has six layers

and the two-layer circular cylinder with its center located at
(0, 0) m straddles three layers. The top layer is air and the
permeability values of all layers are the same as that of free
space µ0. The relative permittivity values of other layers are
ε2

b = 1.5, ε3
b = 2.0, ε4

b = 3.0, ε5
b = 2.5, and ε6

b = 3.0,
respectively. The conductivity values of other layers are σ 2

b =

1.0 mS/m, σ 3
b = 2.0 mS/m, σ 4

b = 3.0 mS/m, σ 5
b = 2.0 mS/m,

and σ 6
b = 1.0 mS/m, respectively. The inner cylinder has

the dielectric parameters εs1 = 2.5 and σs1 = 1.0 mS/m
while the outer one has εs2 = 4.0 and σs2 = 3.0 mS/m.
The 2-D line source is located at (xs, zs) = (0, −1.3) m.
The operation frequency is 1 GHz. Totally, 41 receivers are
uniformly located in the horizontal line at z = −1.1 m. The
coordinate of the 1st receiver is (−0.6, −1.1) m. The distance
between two adjacent receivers is 0.03 m. The computational
domain enclosing the two-layer cylinder has the dimensions
of 0.6 × 0.6 m. Its center is located at (0, 0) m. The whole
region is divided into 60 × 60 square pixels. Fig. 2 shows the
comparisons of total electric fields sampled in 64 uniformly
distributed points inside the computational domain and the
scattered electric fields at the 41 receivers. We can see that,
no matter for EM scattering with or without the rough surface,
both the total fields and the scattered fields solved by our
BCGS method and FEM match well. The relative errors when
the rough surface is present are slightly larger compared with



3001605 IEEE GEOSCIENCE AND REMOTE SENSING LETTERS, VOL. 21, 2024

Fig. 4. Reconstructed 2-D profiles of the scatterers which are buried beneath the rough surface and straddle two planar layers. (a) Relative permittivity for
htrue = 0.1 m and hinv = 0.1 m. (b) Conductivity for htrue = 0.1 m and hinv = 0.1 m. (c) Relative permittivity for htrue = 0.1 m and hinv = 0.1 m but
with 30 dB noise. (d) Conductivity for htrue = 0.1 m and hinv = 0.1 m but with 30 dB noise. (e) Relative permittivity for htrue = 0.1 m and hinv = 0.0 m.
(f) Conductivity for htrue = 0.1 m and hinv = 0.0 m. The white dotted boxes denote true shapes.

those when the rough surface is replaced with a flat one.
The possible reason is that the additional procedure to solve
the IEs to acquire Green’s functions for the rough surface
scattering leads to additional numerical errors. Table I lists the
memory cost and computation time of the forward solver for
different variables or in different stages. We can see that the
computational resource consumption when the rough surface
is present is much higher than that when it is replaced with a
flat one. Especially, the BCGS solver taking the rough surface
into account spends nearly 90 times time and consumes nearly
30 times memory more than the BCGS-FFT solver for the
purely flat surface. The larger memory cost is caused by
the additional computation to solve the IE (7) as well as the
additional storage to save Green’s functions, e.g., G i i

E J since
their horizontal shift-invariance is disrupted. This also leads
to the failure of FFT acceleration of BCGS and the traditional
MoM of course needs more computation time.

B. Inversion Assessment
As shown in Fig. 3, the inversion domain D with the

dimensions of 2.0 × 1.0 m encloses an inhomogeneous “T”
shape scatterer and a homogeneous circular disk scatterer.
Both scatterers straddle the second and the third layers. Their
geometry sizes are annotated in the figure. The dielectric
parameters of the disk are εs1 = 3.0, σs1 = 8.0 mS/m and
those of the “T” shape are εs2 = 2.8, σs2 = 10.0 mS/m and
εs3 = 3.5, σs3 = 6.0 mS/m, respectively. The background
medium includes four layers. The first layer is air. The other
three subsurface layers have the dielectric parameters ε2

b = 2.0,
σ 2

b = 1.0 mS/m, ε3
b = 2.4, σ 3

b = 1.4 mS/m, ε4
b = 3.0,

and σ 4
b = 2.0 mS/m, respectively. Totally, 30 transmitters are

placed on the z = −0.4 m horizontal line. The increment
between the two transmitters is 0.4 m. The scattered fields are
recorded by 40 receivers which are placed on the z = −0.3 m
horizontal line. The increment between the two receivers is
also 0.4 m. The operation frequency is 300 MHz. The inversion
domain D is divided into 100 × 50 square pixels. In order to
filter out the background clutter in the inversion, we adopt

TABLE II
MODEL MISFITS (%) OF THE RECONSTRUCTED 2-D SCATTERERS

VBIM with SCC [9]. Note the efficiency of SCC has been
validated in [17] and will not be discussed here. The measured
scattered field data recorded at the receiver array are simulated
by the BCGS forward solver which has been validated in
Section III-A. The model misfit defined in [18, eq. (16)] is
used to indicate the inversion performance. In addition, one
should note that, although we will use different rms height h
values in the following discussion, the same correlation length
lx = 0.08 m and horizontal size L x = 0.75 m are set for all
cases.

First, let us validate the inversion performance of the VBIM
solver for the reconstruction of 2-D inhomogeneous scatterers
straddling multiple subsurface planar layers when they are
covered by a 1-D locally rough surface. We use htrue to denote
the true rms height of the rough surface which is adopted by
the forward BCGS solver to generate the scattered electric
fields. By contrast, we use hinv to denote the rms height
used in the inversion model. In this work, it is assumed the
rough surface used in the inversion is the same as that of the
true model if hinv and htrue are the same. Fig. 4(a) and (b),
respectively, shows the reconstructed relative permittivity and
conductivity profiles for htrue = hinv = 0.1 m. It can be seen
that not only the shapes are well reconstructed but also the
retrieved dielectric parameters are close to their true values.
This is further confirmed by the low model misfit values listed
in the second row of Table II. These results indicate that the
2-D VBIM solver is reliable as long as the 1-D rough surface is
precisely modeled in the inversion process. The rough surface
only influences the computational cost of the forward solver
and has little effect on the VBIM solver. In addition, there are
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other two interesting observations of the inversion results. One
is that the reconstructed conductivity has a worse profile than
the permittivity and thus a larger model misfit. The possible
reason is the imaginary part of the complex permittivity is
much smaller than the real part, thus the scattered field is not
sensitive to scatterer conductivity. Another observation is that
the layer interface is coupled into the reconstructed profile,
which leads to obvious artifacts at the background interface
in the inversion. Both the reconstructed “T” shape scatterer
and the circular disk show obvious discontinuities near the
background interface. This is because the interface also reflects
EM waves. As a result, the VBIM solver treats the interface
as a scatterer and overlaps it with the true scatterer profile.

Fig. 4(c) and (d) shows the reconstructed relative permittiv-
ity and conductivity profiles when 30 dB noise is added for
htrue = hinv = 0.1 m. Here, the noise level is defined according
to the signal-to-noise ratio (SNR) of power. Compared with the
results shown in Fig. 4(a) and (b) for the noise-free case, the
obtained shapes of the scatterers show some distortion. This
is further confirmed by the larger model misfit values listed in
the third row of Table II. Fortunately, the general shapes and
positions of the obtained scatterers are reliable. This implies
that the VBIM inversion solver for 2-D scatterers straddling
multiple subsurface planar layers covered by a rough surface
has a certain antinoise ability.

Finally, we try to testify to the necessity to include the
accurate rough surface in the inversion. Specifically speaking,
we use a purely planar background model, i.e., hinv = 0.0 m
in the VBIM inversion process but the true model includes
the 1-D rough surface with the rms height htrue = 0.1 m. The
reconstructed relative permittivity and conductivity profiles in
Fig. 4(e) and (f) show large distortions which is also confirmed
by the corresponding model misfit values listed in Table II.
Especially, the reconstructed conductivity “T” shape almost
disappears. Therefore, although treating the real rough surface
as a flat one can save implementation time, it may lead to a
large distortion of the reconstructed profiles or even a complete
failure of inversion.

IV. CONCLUSION

In this work, for the first time, we solve the 2-D EM forward
and inverse scattering problems for inhomogeneous objects
straddling multiple subsurface planar layers covered with a
1-D rough surface. The computation accuracy of the forward
BCGS solver is validated by comparing its computation results
with FEM simulations. Meanwhile, the influence of the rough
surface on the forward and inverse solvers is also investigated.
The rough surface significantly increases both the memory
cost and computation time in the forward scattering due to
the additional IE used for solving Green’s functions and the
disruption of their horizontal shift-invariance. Unfortunately,
neglecting the rough surface in the inversion will lead to obvi-
ous reconstructed profile distortion or even implementation
failure. The future work will be focused on the improvement
of the computation efficiency. One possible solution is using
the surface IE instead of the volume IE to formulate the

state equation like (6) to account for rough surface scattering
since the fictitious objects of the rough surface are usually
homogeneous.
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